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Abstract 

The integrability of the generalized Benney hierarchy with three pri- 
mary fields is investigated from the point of view of two-dimensional 
topological field theories coupled to gravity. The associated primary 
free energy and correlation functions at genus zero are obtained via 
Landau-Ginzburg formulation and the string equation is derived using 
the twistor construction for the Orlov operators. By adopting the ap- 
proach of Dubrovin and Zhang we obtain the genus-one corrections of 
the Poisson brackets of the generalized Benney hierarchy. 
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I. INTRODUCTION 



Over the past ten years, the relationships between topological field theories 
(TFT) and integrable systems have attracted considerable interest It's Wit- 
ten who realized that when the matter sectors of 2d TFT couple to gravity, the 
systems can be described by integrable hierarchies. In particular, Witten and 
Kontsevich P] showed that the partition function of the pure two-dimensional grav- 
ity, the simplest case, is equivalent to a particular tau function of the Korteweg- 
de Vries (KdV) hierarchy 0] characterized by the string equation. For nontrivial 
matter sectors such as An topological minimal models and CP^ topological a- 
model the integrable hierarchies behind them correspond to the dispersionless 
Kadomtsev-Petviashvili (dKP) and dispersionless Toda (dToda) hierarchies, respec- 
tively. Furthermore, the genus- zero primary free energy of a 2d TFT has been shown 
to satisfy the Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equation |^,|| of asso- 
ciativity which can be used to construct an integrable hierarchy of hydrodynamic 
type by taking into account the topological recursion relations of genus zero p|,[TO|. 
In fact it has been realized that the WDVV equation is intimately related to TFT 
and integrable hierarchies. On one hand, 2d TFT can be classified by the solutions 
of WDVV equations in the sense that a particular solution of WDVV provides the 
primary free energy of some topological model. On the other hand, for example, one 
can construct a particular tau function of the dispersionless Lax hierarchy, which, in 
small phase space, turned out to be a solution of WDVV equation and satisfies, in 
full phase space, the dispersionless Virasoro constraints . Therefore the WDVV 
equation, being a bridge, enables us to study dispersionless integrable hierarchies 
from the point of view of 2d TFT and vice versa. 

To formulate dispersionless Lax hierarchies (for a review, see let A be an 

algebra of Laurent series of the form 



N 



A = {A\A= y: 

i=— oo 

with coefficients depending on an infinite set of variables Ti = X, T2, T3, ■ ■ -. Then 



one can define a Lie-bracket associated with A as follows 12 



, , OAdB dAdB , „ , 

which can be regarded as the Poisson bracket defined in the 2-dimensional phase 
space (X, p). The algebra A with respect to the above Poisson bracket can be 
decomposed into the Lie sub-algebras A = A>j!(. © A<fc for k = 0, 1, 2 where A>fc = 
{A G A|y4 = J2i>k OiP*}, A<fc = {A E A\A = J2i<k (^iP^} and we will use the notations 
: A_|_ = A>o and A_ = A<o for brevity. The Lax formulation of dispersionless 
hierarchies can be formally defined as 



dA 



{(A 



>k 



A}, 



n 



1,2,3, 



where A^/^ is the A^-th root of A defined by (A^/^)^ = A. 



For k = 0, it's called dKP hierarchy |TB[ (see also 
TFT have been investigated in 0,|15|,[16|. 



and its relations to 



For k = 1, it's called dispersionless modified KP(dmKP) hierarchy [p"^^ -[T9 
and its relations to TFT are under investigated |]2D|. It is the purpose of this 
paper. 



For k = 2, it's called dispersionless Harry-Dym hierarchy |]T^ and its relations 
to TFT are still open. 



In this paper we continue our previous work to study the Lax operator of the 



form 17,19 



which satisfies the non-standard Lax equations 

dL ,^n/2 



The first few nontrivial equations are 



{Ll\,L}. 



(1.2) 
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etc. They are multi-variable generalization of the Benney equation PT| which de- 
scribes long wave in nonlinear phenomena and has very rich integrable structures 
|T^ , |22| -^. Thus the set of the above equations is referred to as the generalized 



Benney hierarchy. 

Recently, the bi-Hamiltonian structure associated with the generalized Benney 
hierarchy has been obtained from those structure of dmKP via truncation |T7| , p!9| . 
Starting from the bi-Hamiltonian structure the primary free energy of the corre- 
sponding 2d TFT can be constructed. The key idea relies on the fact that the Pois- 
son brackets both are of hydrodynamic type introduced by Dubrovin and Novikov 
(DN) and form a fiat pencil (see below), in which, the geometric setting is 
provided by Frobenius manifolds [p8|-|30||. One way to define such manifolds is to 
construct a function F(t^, t^, ■ ■ ■ , t"^) such that the associated functions. 



_ d'Fjt) 



satisfy the following conditions 

• The matrix riai3 = Ciap is constant and non-degenerate (for the discussion of 
degenerate cases, see [0). 

• The functions c^^ = rj^'^Cf^p^ define an associative and commutative algebra 
with a unity element. The associativity will give a system of non-linear partial 
differential equations for F{t) 

d'F{t) d'Fjt) ^ d'Fjt) d'Fjt) 



which is the so-called WDVV equations arising from TFT (see sec. 3). 

• The functions F satisfies a quasi- homogeneity condition, namely, CeF = 
dpF + (quadratic terms), where E is known as the Euler vector field. 

On the other hand, given any solution(or primary free energy) of the WDVV equa- 
tion, one can construct a Frobenius manifold M. associated with it. On such a 
manifold one may interpret 77"^ as a flat metric and the flat coordinates. The 
associativity can be used to defines a Frobenius algebra on each tangent space T*A1. 
Denoting the multiplication of the algebra as u-v then one may introduce a second 
fiat metric on M. defined by 



9 



a/3 



E{dr-dt^), (1.5) 



where dt" ■ dt^ = d^^dV = rj'^^c^^dP . This metric, together with the original 
metric r/"'^, define a fiat pencil (i.e, 77"^ + Xg""^ is fiat as well for any value of 
A) which corresponds to the compatible condition in integrable systems and thus 
enables one to obtain a bi-Hamiltonian structure from a Frobenius manifold M.. 



The corresponding Hamiltonian densities are defined recursively by the formula ||29 



h^^^=Vaptf' (1.6) 



where the subscript a(= 1,2, ■ ■ ■ ,m) labels the primary fields and the superscript 
n > 0, the level of gravitational descendants. 

Our paper is organized as follows: In next section, we shall compute c^^^ from 
the generalized Benney hierarchy by using ( |1.6| ). We shall show that an additional 
hierarchy generated by Hamiltonians with logarithmic type emerges, which together 
with the ordinary Benney hierarchy are identified as renormalization group flows in 
genus-zero TFT coupled to 2d topological gravity. Then, in section 3, based on the 
fact that the dispersionless Lax operator (|l.lj ) can be viewed as a superpotential 



A 



in Landau-Ginzburg (LG) formulation of TFT |3^,|9[|, we define the fundamental 



correlation functions and derive their dynamic flows from the genus-zero topological 
recursion relations of the associated TFT. In section 4, to establish the string 

equation describing the gravitational effect, we construct the twistor data for the 
generalized Benney hierarchy by using the Orlov operator of the dmKP hierarchy 
Tsj , as we have done in [^. In section 5, we shall show that the Poisson brackets 



of the generalized Benney hierarchy can be unambiguously quantized by using the 



Dubrovin and Zhang (DZ) approach to bi-Hamiltonian structure in 2d TFT ^3 



To do so, we compute the associated G-function, which is independent of ti and 



satisfies the following Getzler equations |34 



l<ai,CK2,a3,ci4<3 

A_2c^' r" —- + -c^ A & 1=0 fl 7) 



^-4c- -^-d^ d^ ^ 



V z z z z \?,r'' 4r^ r'" d" r" 



with c^^„^„3„^ = a^c^^^^/Sr^^rs to evaluate the genus-one free energy jFi . Section 
6 is devoted to the concluding remarks. 



II. INTEGRABILITY AND PRIMARY FREE ENERGY 



In this section, we shall identify the primary free energy associated with the 
generalized Benney hierarchy from its integrability and construct the additional 
flows generated by the logarithmic Hamiltonians. According to the theory of Frobi- 
nus manifold, our starting point is the bi-Hamiltonian structure of the generalized 
Benney hierarchy, which can be constructed from those structure of the dmKP hi- 
erarchy via the Dirac reduction and thus the Lax flows ( |1.2| ) have the following 



bi-Hamiltonian description |ll7| , p!9 
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where = {v\v^,v^), {5H,/5wY = {6Hi/6v\6H,/6v^,6H,/6v^) and 



Ji 



2d 

2d v^d 
2d dv^ 



J2 



/ 6(9 4dv^ 2dv^ 

Av^d v'^d -\- dv"^ + 2v^dv^ 2dv^ + v^d + v^dv"^ 
\ 2v'^d dv^ + 2v^d + v'^dv^ dv^v^ + v^v^d 

{2.1] 



with Hamiltonians defined by 



Hr, = - f res(L"/2) 
n J 



where d = d/dX and res(A) is the coefficient of p ^ of A. We hst some of them: 



Hi 
H2 

Hi 
H, 



2 / 1\2 



V 



l^V + -(t;2)2-it;2(t;i)2 + 1(^1)4 
2 4^ ^ 8 ^ ^ 64^ ^ 



512^ ' 128^ ' IQ^ ' 32^ ^ ^ ^ 4 8^ ^ 4^ V 



H,= I [v\v'f + v\vy] 



To find the primary free energy associated with the generahzed Benney hierarchy, 
we have to investigate the geometrical meaning of the Poisson brackets Ji and J2 



which can be written as the DN type 

with Ji = /dv'^ where 7^-' and T^l are the contravariant Levi-Civita connections 
of the contravariant flat metrics 77*-' and g^^{v) respectively. Let's introduce the flat 
coordinates 



2 -'- / 1\2 
V - ^(^ ) > 



(2.2) 



so that 77*-^ and g^^ can be expressed as follows: 




9'' it) 



3f 
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2tH^ 2ti + \{ff 



6 



(2.3) 



with dg'^^ /dt^ = rj^^ . It is easy to show that are just the densities of the Casimirs 
invariants for the ffist structure Ji. 

Now we are in a position to compute the structure coefficients c^^ of the gener- 
alized Benney hierarchy. Choosing hf^ = rjipt^ = and h^^^ = rj-^pt^ = t^/2, the 
equations ( |1.6| ) implies 



in— 1 



h 



2n-l 



<-2n 



(2n- 1)!! 

2n-l 



(2n)!! 

with non-zero coefficients 



resL"-^/^ 
resL", /i2 



^ 2 



(2.4) 
(2.5) 
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C33 - 2 


1, 


- 
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2 

t2' 


C33 - 2 



Then from ( |1.3D , we immediately obtain the free energy 

F{t\t\e) = ^{t'f + \m + l-iefe + Uef ( logt^ - ^ 



12 



24 



which is indeed a finite-dimensional solution to the WDVV equations ( |1.4| ). Also, 
from ( |1.5| ) and (PTB|), we have the associated Euler vector field 

+ 2^ + 2^ 9t^' 

which implies the quasi-homogeneity condition: CEF{t) = SF(t) + 

Next we turn to the hierarchy corresponding to a = 2 in ( |1.6| ) with = ri2f3t^ = 
and obtain 



hn = — , 



hi 



ho 



it 



3\3 



+ -tH^ ( logt 



24 



tl(t3)3 (^1)2^3 



320 
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24 



+ 



+ litrt' (iogt^-^)+tv (logt^ 



As in the work pOf, the Hamiltonian densities h2^^ = hn can be expressed as 

3 

hn = ^res[L"(logL - c„)], 
where we use the following prescription for logL 
logL = log(p^ + v^p + f ^ + v^p~^) 



(2.6) 



1 2 

- log[p^(l + v^p~^ + v'^p''^ + v^p'^)] + - log 
3 3 



v^p ^ 



^ 2 , 1 3 



1 + —P+—P + —p 



logv^ + I- log(l + v^p ^ + v'^p ^ + v^p ^) + - log ( 1 + —p + —p^ + —p 

J A \ D'J D'J D'J 
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V 
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^ 2 , 1 3 



and c„ — c„_i = 1/n, cq = 1. The Lax and bi-Hamiltonian formulations correspond- 
ing to T„-fiows can be summarized as 



dL 

— = 2{5„,L}, Br, = [L^{\ogL-Cn)]>i 

= L}i = {iT„„ L}2, = 2{n-l)\ j K (2.8) 

Notice that the additional flows generated by the Hamiltonians Hn are compatible 
with those flows of the ordinary Benney hierarchy ( |1.2D . We will see later that 
the forms ( |2.4| ) , ( |2.5| ) and ( p.6| ) can be used to formulate the generalized Benney 
hierarchy as a 2d TFT coupled to gravity via LG description. 

Before ending this section we would like to remark that the second Poisson 
bracket J2 in fact reveals the classical realization of W3-f/(l)-Kac-Moody algebra 
19| with being the Diff 5^ tensor of weight 2, and and t^, tensors of weights 



3 and 1, respectively. This is due to the fact that the Diff 5*^ flows are just the 
Hamiltonian flows generated by the Hamiltonian Hi = J 



III. LANDAU-GINZBURG FORMULATION 

In this section we shall set up the correspondence between the Benney hierarchy 
and its associated TFT at genus zero. Let us first briefly recall some basic notions 
in TFT for convenience. 

A topological matter theory can be characterized by a set of BRST invariant 
observables {Oi, O2, •••} with couplings {T"} where Oi denotes the identity opera- 
tor. If the number of observables is finite the theory is called topological minimal 
model and the observables are referred to the primary fields. When the theory 
couples to gravity, a set of new observables emerge as gravitational descendants 
{an{Oa),n = 1,2, ■ ■ ■} with new coupling constants {T"'"}. The identity operator 
Oi now becomes the puncture operator P. For convenience we shall identify the 
primary fields Oa and the coupling constants T° to ao{Oa) and T"'°, respectively. 
As usual, we shall call the space spanned by {T"''^,n = 0, 1,2, ■ ■ ■} the full phase 
space and the subspace parametrized by {T"} the small phase space. Hence, for a 
topological minimal model, the small phase space is finite-dimensional. 

For a topological model the most important quantities are correlation functions 
which do not depend on coordinates and describe the underlying topological prop- 
erties of the manifold. The generating function of correlation functions is the full 
free energy defined by 

CO 00 

•^(T) = E-^.m = E(e^-"^"'"^"^''"^). 

3=0 9=0 

where (■ ■ ■)g denotes the expectation value on a Riemann surface of genus g with 
respect to a classical action. In the subsequent sections, we will omit the exponen- 
tial factor without causing any confusion. Therefore a generic m-point correlation 
function can be calculated as follows 



o 



m I'l'm 



In the following, we shall restrict ourselves to the trivial topology, i.e., the genus-zero 
sector [g = 0) since this part is more relevant to dispersionless integrable hierarchies. 
In particular, the genus-zero free energy restricting on the small phase space is the 
primary free energy defined by 

Let us consider some genus-zero correlation functions on the small phase space. 
The metric on the space of primary fields is defined by 

When rja/s is independent of the couplings we call it the flat metric and the couplings 
T" the fiat coordinates. In fact, the three-point functions in the small phase space 
can be expressed as 



OF 



OT'^dTl^dT^ 



which provide the structure constants of the commutative and associative algebra 
OaOp = c^pOy. The associativity of c^^, i.e., c^^c|^^ = c^^c^^g, will give the WDVV 
equations (|1.4|). 

Since the Lax hierarchy under consideration is a three-variable theory, thus only 
three primary fields {Oi = Op = P, C2 = Oq = Q,03 = Or = R} are involved in 
the TFT formulation and we shall identify 

_ T^-R „,2| —TP-L^(tR\'^ ,,3| — tQ 

U |7^CK,ri>l— Q — -t , U |7^a,n>l— Q — 1 ~r ) ' |T"'^ — -^=0 — 

on the small phase space and the Lax operator in small phase space is written as 

L{z) = z^ + T^'z + + -^{ry + T'^z-^ 

which can be viewed as a rational superpotential in LG formulation of TFT p2|,p|. 
According to the LG theory, the primary fields corresponding to are defined by 

Op{z) = ^ = 1, Oq{z) = ^ = z-\ Oniz) = ^ = ^ + ^ 

which can be used to compute the three-point correlation functions through the 
residue formula []32|,p|: 



Ca/37 — ReSi/=o 



Oo,{z)0^{z)0,{z) 
dMz) 



(3.1^ 



n 



It is easy to show that (|3.1|) reproduces the previous and F on the small phase 
space. In particular, the non-zero components of the flat metric on the space of 
primary fields are given by rjpp = rjQp = rjnQ = 1/2, rj^^ = rj^^ = rj^^ = 2 
as we obtained previously. Now we define the fundamental correlation functions 
= d^F/dT^dT^ as follows: 

rpP r-pR rjiQ 

(gg) = iogT«, {QR) = — +^--L^ ^RR) = ^_^ 

Although these two-point correlation functions are defined on the small phase space, 
however, it has been shown that they can be defined on the full phase space 
through the variables w^, and in which the gravitational couplings T"'" do not 
vanish. Hence one can write down these genus-zero two-point functions on the full 
phase space and obtain the following constitutive relations: 

2 13 
(QQ) =\ogv', {QR) = Y^ {RR) = ^, (3.2) 

which will be important to provide the connection between the generalized Benney 
hierarchy and its associated TFT. 

Based on the constitutive relations ( p.2|) , we can identify the gravitational flows 
for f " in the full phase space as the integrable flows by taking into account the 
genus-zero topological recursion relation P,p!0|: 

(a„(OJA5)= Yl n{a^.^{0^)0p)7^^'<{0,AB), a = P,Q,R. (3.3) 

For example, setting n = 1, Oa = P and A = P, B = Q then 
= 2{a,iP)PQ) 

= A[{PP){PPQ) + {PQ){RPQ) + {PR){QPQ) 
= 4[{PP) {PQY + {PQ) {RQY + {PR) {QQY] 

12 Jx 

where we denote /' = df /dT^ = df/dX . Similarly, taking Oa = R we have 



^"'^ 2{a^{R)PQ) 



On the other hand, taking n = 2 we get 



,;V + ^(t;2)2' 



X 



1 n 



Ofp^ 



X 



2{a2{P)PQ) 

8U o 
2{a2{R)PQ) 

3 Jx 

etc. We present other flows in Appendix A. 

Next we turn to the T'^'"-flows. Choosing Oa = Q and using the topological 



recursion relation ( p.3| ), we obtain 

dv^ ri 



X 



X 



Comparing with the Lax equations ( |1.2| ) and ( |2.8| ) it turns out that the above re- 
cursion relations can be recasted into the Lax form in terms of coupling times T""'" 
as 

dL _ 2-n\ _,y2 



dL 
dL 



dTR,n 2n + 2 



{[L"(logL-c„)]>i,^}. 
1 



{Llt\L} 



with the identification 



(2n-m ^ ' 



_^_rpR,n—l rp ^rpQjn 

^" ~ 2n ' " ~ 2 



(3.4) 



(3.5) 



On the other hand, the associated commuting Hamiltonian flows with respect to the 
bi-Hamiltonian structures are thus given by 



(9v 



{Hp^n+l, v}i 



2^ m vl H 2^^-!)! 



2n + 1 

n 



n + 1 



{-f^/?,n, v}2, -ffH,n 



{2n + 
1 



2n(n + 1) 



resL 



n+l 



are 



3 f 

- = {HQ,n+i,v}i = {iJQ,„,v}2, Hg^n = res[L" (log L - c„)] (3.6) 



where n = 0, 1, 2, ■ ■ •. 



Furthermore, using ( p.2| 



_df_ 



and ( |3.4|) the flows for are 

2(a„(a)PP) = (P« )', 
2(a„(a)PP) = (Pgl,)', 
2K(0„)PQ) = (Pg),)' 



(3.7) 



where P^^^ are the analogues of the Gelfand-Dickey potentials [§] of the KP hierar- 



chy, given by 






p(i) _ 


2(a„(P)P) 


= / ■ ,res(L"+i/2) 
(2n + l)!! ^ ^' 
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2(a„(g)P) 


= 2res[L"(log L-c„)], 


d{1) 
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2K(P)P) 


= ^res(L"+i), 


d(2) 
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2((T„(P)P) 




d(2) 
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2(o-„(Q)P) 


= [2(L"(logL - c„))_2 + t;^res(L"(logL - c„))], 


d{2) _ 


2(a„(P)P) 


= ^;^[2(^"+')-2 + t;ires(L"+i)], 


p(3) _ 


2K(P)g) 


-(2n+l)!!^^ 


p(3) 


2K(g)g) 


= 2[L"(logL-cJ]o, 


p(3) 


2((T„(p)g) 





(3i 



In particular, the two-point correlators involving the first and the second descendants 
are also presented in Appendix A. 

Finally, we would like to remark that the first three equations of ( ^.81) can be 
integrated to yield 



MP)) 



)n+l 



(2n + 3)!! 

(^n(g)) = ^res[L"+i(logL - c„+0 



n + l 



MR)) 



1 



2(n + l)(n + 2) 



resL 



n+2 



which represent the one-point functions of gravitational descendants at genus zero 
in the LG description. 



1 o 



IV. TWISTOR CONSTRUCTION FOR THE STRING EQUATION 



After coupling to gravity, the dynamical variables f " (or flat coordinates t") be- 
come functions on the full phase space that is parametrized by T"'". Then (or 
t") satisfy not only the Lax flows but also the string equation which characterizes 
the corresponding additional symmetries or ly-constraint associated with the gen- 
eralized Benney hierarchy. Since the Lax formulation in sec. 3 for the generalized 
Benney hierarchy is similar to that of the dToda type hierarchy [ll4| , |Tl| . This moti- 



vates us to reproduce the generalized Benney equations by imposing constraints on 
the Lax operators and the associated Orlov operators of the dmKP hierarchy fL8 



through the twistor data. We shall follow closely that of to show that the con- 
straints imposing on the twistor data implies the string equation of the generalized 
Benney hierarchy. Let us consider two Lax operators and jl with the following 
Laurent expansions (T^ = X): 



oo 



^i = p+J2 v"{T, f)p--, jj-' = do{T, f)p-' + Sn+i(T, T)p" (4.1) 



n=Q n=0 

which satisfy the commuting Lax flows 



^ = {i?n,/i}, i = {5„,/i}, (4.2) 



where 



5„ = (/i")>i, 5„ = (/i-")<o, (n = 1, 2, 3 • ■ ■) 
Next, we consider the Orlov operators corresponding to dmKP 

oo oo oo oo 

71=1 n=l n=l n=l 

(4.3) 

with constraint 

{fi,M} = l, {/i,M} = L (4.4) 

In fact, the coefficient functions w„ and Wn in the Orlov operators are defined by 
the above canonical relations and the following flow equations 

DM dM 

OI n OTn 

dM ~ dM ~ ~ 

^ = {5n,M}, -^ = {5„,M}. (4.5) 



Inspired by the twistor construction (or Riemann-Hilbert problem) for the solution 
structure of the dToda hierarchy |lJJTl|, we now give the twistor construction for 
the generalized Benney hierarchy. 

Theorem 1 ||0l- Let f{p,X),g{p,X),f{p,X),g{p,X) be functions satisfying 



{f{p,X),g{p,X)} = 1, {f{p,X),~g{p,X)} = 1. (4.6) 
Then the functional equations 

/(/i, M) = fifi, M), g{fi, M) = ~g{fi, M) (4.7) 
provide a solution of (^4.2| ) and (f4.5|). We call the pairs {f,g) and {f,g) the twistor 



data of the solution. 

To apply the above Theorem to the present case, we have to impose the following 
constraint 

L = ii' = (4.8) 

that is, f(p,X) = p^ and f{p,X) = p"^. As a result, the time variables T„ can be 
eliminated via the following identification: 

Tn = —T2n- 

From ( [4. 61 ), the twistor data g{p,X) and g{p,X) can be assumed to be in the fol- 
lowing form 

X 

g{p, X) = -~Y1 nT^nP^''-^ ~9ip, X) = -Xp\ (4.9) 

n=l 

where the second part of g{p,X) is responsible for the string equations (see below). 
By the Theorem 1 and equation ( [4. 9] ), we get the following constraint for the Orlov 
operators: 

^ - £ nT2„/.2"-^ = -/i^M. (4.10) 

^ n=l 

It's the above constraint that leads to the string equations. So far, the twistor con- 
struction only involves the Lax flows ( [L.2|) . To obtain the string equations associated 
with the underlying TFT described in sec. 3, we have to properly extend the stan- 
dard Orlov operator to include the additional hierarchy equations ( |2.8| ). Namely, 
it's necessary to introduce the flows generated by the logarithmic operator 

Bn= [L"(logL-c„)]>i. 

Let Tn be the time variables of additional flows generated by Bn and then the Orlov 
operator M should be deformed by these new flows to M' so that 



dM' 

'df: 



2{5„,M'}. 



(4.11) 



To construct the modified Orlov operator M', it is convenient to using the dressing 
method ]ll|]. Let us first express the original Lax operator fi and its conjugate Orlov 
operator M in dressing form 



where 



e'''^^i9)=9 + {f,9} + ^{f,{f,9}} + ---- 

One can understand that this is the canonical transformation generated by 0(T, T, p) 
(for the T-dependence, see below) and its flow equations (Sato equations) can be 
written as 



M 



,ade 



(4.12) 



\n=l 



(4.13) 



where 



(adO)''' 



It is easy to show that ([4.13|) together with (^4.12|) implies the flow equations (|4.5| ). 
In contrast with equation ( ^.13| ), the flows for G are given by 



Vf„,e0 = 25„ - 2e^d®[p2'^(logp2 - c„) 
and a similar argument reaches the modified Orlov operator 



M' 



,ade 



1 J 



\n=l 



n=l 



n=l n=0 

OO 

+4Enf„/i2"-i(log/i2 



n=l 



Cn— 1 J 



(4.14) 



n=l 



which satisfies the additional flow equations ( |4.11| ). 

Now we are in the position to derive the string equation. Let us de- 
compose (M'/i~V2 - T,'^=inT2nfJ^'^"'~^) into the positive power part (M'/i~V2 - 
E~=i ^Tan/i^"-^)^^ and the non-positive power part (M'/i"V2 - E^=i ^T2n/x^""^)<o 
by using equations ([4.10|) and (|4.14| ). It turns out that 



' M'li-' ^ - (2n + l) - 

V n=l / >i n=l n=l 



/,,-! oo 



\ " n=l / <o \n=l / <o 

where, by the definition ([4 .11), we have used the fact that (/x~^")>i = (/i")<o = for 
n>l. Hence 

n=l n=l \n=l / <o 

which together with the canonical commutation relation {g{n, M'), L} = — 1 implies 
^ dL ^{2n + l)^ dL ^ - dL 

E ^T^nT^ + E n T^n+IT^ + ^ ^^"^^^f = 

n=2 C'J2n-2 „=i ^ CJ2n-l „=i C^n-l 



where the Lax flows ( |1.2| ) and ( |2.8| ) have been used. Therefore by (|3.5|) we obtain 
that 

oo or oo or oo or 

V nTp + V nT^'" + V nT^'" = -1 

'"iJ,n o^^ „_l ^ f)TP,n-l ^ /)T<3:«-1 

n=l '^-^ n=l n=l ^"^ 

After shifting T"^'^ T^'^ — 1, we get 

oo or oo f)T OD f)T or 

V nT^'" + V nT^'" + V nT^-" + 1 = 

Comparing the both-hand sides of the above equation in p and taking into account 
the constitutive relations (|3.2|) we obtain the following genus-zero string equation 

oo 

t^(T)=T^ + 2E E riT°'"K_i(0„)P), 

n=l a=P,Q,R 
oo 

t2(T)=T« + 2E E nT-'"(a„_i(OJi?), 

n=l a=P,Q,R 

oo 

t3(T)=T^ + 2E E riT"'"K-i(0a)Q) 



ra=l a=P,Q,R 



which gives a special solution of the generalized Benney hierarchy and is used to 
characterize the free energy in the full phase space. As a consistent check, differen- 
tiating to T^'" and restricting to the small phase space we recover the flows ( ^.7|) 
as expected. 
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V. QUANTIZATION OF THE POISSON BRACKETS 



So far, the TFT approach to the generahzed Benney hierarchy is restricted to the 
genus-zero sector. In general it is not easy to promote the Benney system to higher 
genera through the TFT formulation due to the complexity of topological recursion 
relations. Nevertheless there are at least two approaches enable us to get consistent 
genus-one extensions for some integrable hierarchies. One of them is based on the 
large- matrix expansion of integrable hierarchies developed by Eguchi and Yang 
0] and the other, the theory of Frobenius manifolds by DZ |^|. In this section. 



we shall compute the genus-one correction to the bi-Hamiltonian structure of the 
generalized Benney hierarchy by using the latter approach. Roughly speaking, the 
DZ approach consists of the following two main steps: 

• introducing slow spatial and time variables scaling 



• changing the full free energy as 

oo 
3=0 



where e is the parameter of genus expansion. As a result, all of the corrections 
become series in e. 

To get a unambiguous genus-one correction of the Hamiltonian flows ( |3.6| ) it is 
convenient to expand the flat coordinates up to the order as 

t„ = tW + ,2^(i)+0(e^), t^ = Va(^t^ 

where is the ordinary fiat coordinates ta satisfying ( |3.7|) and t^^^ is the genus-one 
correction defined by t^^^ = d'^J-'i{T)/dT"dX. Then there exists a unique hierarchy 
flows of the form ||3^ 

dt" 

^ = r (X), = {t"(X), i7^,42 (5.1) 

with 

{r(X),t'^(F)}, = r(X),t^(F)}f +e^r(X),t'^(F)}« + 0(6^), ^ = l,2 

That means under such correction the Poisson brackets Ji and J2 and the Hamil- 
tonians will receive corrections up to such that the Hamiltonian flows still 



1 ^7 



commute with each other. In the genus-one part of the free energy can be 
expressed as 



-^i(T) = ^-^logdet M^{t,dxt)+G{t) , (5.2) 

where the matrix is given by 

M^{t,dxt) = c''p^{t)dxt^ 









\ 




IX^ 2 














J.1 _|_ '•X 





and G{t^,t^) is the associated G-function satisfying the Getzler's equation ( p.. 7] ) 
which are over-determined and some of them are redundant. In general, they can be 
solved explicitly using canonical coordinates for an arbitrary semi-simple Frobenius 



manifold [^. Here we notice that = 2/^2, and C22 = C22 = and substitute 
them into the coefficient of (-22)^ of the Getzler equations (|1.7|) to get the following 
ordinary differential equation 



d'^G 1 dG 



1 



2\2 



2t^ dt^ 24 (t 



2^2 







which together with the quasi-homogeneous property CeG = —1/8 (c.f. Theorem 3 
in p3|) implies (up to a constant) 



G{t2, 



12 



(5.3) 



We remark that the above G-function is the same as the one of the Benney hierarchy 
with two primary fields [ pO|] . 

Thus a simple computation yields 



jFi = — lo£ 

24 ^ 



m2^(4) 



logt^ 



Using c|g^ and T\ and consulting the procedure developed by DZ (c.f Theorems 1 
and 2 in [Q) it turns out that the genus-one corrections of the Poisson brackets, in 
terms of fiat coordinates are given by 

{t\X\t\Y)}, = {t\X),t\Y)}, = {t'{X),t'{Y)}, = 0{e% 
{t\X),t\Y)}, = 26'{X -Y) + 0{e'), 
2^ 



{t\X),t\Y)}, = ~ 



5"\X - Y) 2t\5"{X -y) ^ 2(fxY6'{X - Y) 



t2 



it 



2\2 



it 



2^3 



tl^6'{X-Yy 

(t2)2 

{t\X),t'{Y)},^25'(X-Y)-'^ 



+ Oie% 

' t^6"'{X - Y) _ 2tH\5"{X - Y) ^ t\5"{X - Y) 



t'^ty'{X-Y) tHl^5'{X-Y) ^ 2t\tlf5'{X-Y) 



and 



{t\X),t\Y)}2 = 45(X -Y) + 2t'6'iX -Y) + 
{t\X),t^{Y)}2 = 2t\5{X -Y) + 3f5'{X -Y) + ^(e^), 
{t\X),t\Y)}2^tH'iX -Y) + e' 



(t2)2 (^2)3 

e^S"'{X - Y) 



0(6^), 



4ti + {t'f 



6t2 



-5"\X - Y) 



AtHl + {e)Hl-AtH\-2tHH\ 



+ 



{t\X),t\Y)}2 = 2tH^5'iX -Y) + itH^)x5iX - Y) 



5'{X - Y) 



X 



+ 0(6^), 



2t\t\ 



^2 ^2 
( ^ ^ JC^ X 



/2 /3+3 \ 



{f{X),t\Y)h 



^xxx 



2t^ + 



5\x - r) + 



t2 

__{ef 

3t2 12t2 



5(X - Y) 



+ 0(e^), 



us 



5"'{X - Y) 



+ 
+ 



\ W? ]nx-Y) 



X 



6(t 



2^3 



3i2 



12(^2)2 3(^2)2 6(t2) 



12(t2)2 3t2 



3)2^1 

6^2 



■2 ^2 ^3,1 



3t2 



+ 0(e^), 



■2t 



t2 



+ 0(6^) 



which still satisfy the relation Ji = /dt^. For the genus-one corrections to the 
Hamiltonians i?a,n we collect some of them in Appendex B. 
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VI. CONCLUDING REMARKS 



We have studied the generahzed Benney hierarchy from the topological field the- 
ory . First of all, we can construct the free energy from the bi-Hamiltonian structure 
of the generalized Benney hierarchy using the flat pencil. Secondly, after introduc- 
ing the flat coordinates, the primary flelds in the LG formulation of TFT can be 
deflned. Then the topological recursion relations between gravitational descendants 
at genus- zero turn out to be the associated commuting Hamiltonian flows in the gen- 
eralized Benney hierarchy. Furthermore, we use the twistor construction to obtain 
the string equation associated with the TFT, which is a Galiean-type symmetry of 
the generalized Benney hierarchy and characterizes the free energy in the full phase 
space. Finally, based on the approach of DZ, we obtain the genus-one corrections of 
the Poisson brackets. 

In spite of the results obtained, there are some interesting issues deserving more 
investigations: 

• In IID, it can be shown that the string coupling constant e of the Benney 



hierarchy will correspond to the effect of dispersion of Kaup-Broer hierarchy 
[0,^. However, for the case of the generalized Benney hierarchy, the com- 
putation is more involved and needs further investigations. 

The relations of free energies between dKP and dmKP are interesting. In 
P^ , the free energy of dKP is constructed using generalized Gelfand-Dickey 
potential without referring to the bi-Hamiltonian structure of dKP. A similar 
approach for dmKP should be developed and see what role is played by the 
Miura map between dKP and dmKP ||ir 



Recently, the associativity equations of inflnite many primary flelds in dKP 
are obtained by the dispersionless Hirota equations of dKP [^. Thus 



it is quite natural to ask whether the dmKP hierarchy and its reductions 
have the similar structures of associativity equations and what kind of inflnite 
dimensional Frobenius manifold EO] they provide. 
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APPENDIX A: PRIMARY FLOWS AND TWO-POINT FUNCTIONS 



1. Primary r^'"-flows 



1 dv^ 

2 dTPfi 






1 dv'' 

2 9T^'0 


= {QR)x. 




1 dv^ 

2 (9T^'0 


= {PR)x, 




1 dv^ 

2 ar^'i 


= {a,{P)PQ) = 


.2 24^ ^ 


1 

2 


- {a,{P)QR) = - 


'-2 2 1 -'- / 1\2 2 


1 

2 9T^'i 


= (ai(P)Pi?) = 


.2 8^ . 


1 dv^ 

2 9T^'2 


= {<J2{P)PQ) = 




1 

2 


= {a2{P)QR) = - 





,1„,3 



,1 .,3 



X 



^ /„,1\2„,2„,2 I 1 ('„,1\2„,1 „,3 



1 St;^ 



2 (9T^.2 

From above, we can extract the following two-point functions: 



{a,{P)R) = \v-v' + \{v'fv\ 



MP)P) 
MP)Q) 
MP)R) 



9d 4 2 



2. Primary T^'"-flows 



1 dv^ 



2 aro." 

1 dv^ 



1 dv^ 1 o 



1 dv^ 



2 ar^'i 

1 

1 9^;=* 
1 

2dfQ^ 
1 

2dfQ^ 
1 9^;^ 



{a,{Q)PR) = 

(a2(g)pg) = 



-^(^;^)^ + -v\v'y + (7;2)2log^;3 + 2^;V(log^;=^ - 1) 



{a2{Q)QR) = l{v\vy)x - kv\v'f)x + 2(^;V(logT;3 _ i))^ + vWv'logv' 





{a2iQ)PR) 



1 1 

-{vY + — (w^)V + w^w^wMogw^ + {v^y{\ogv^ - 2) 
6 12 



2 ^r'?'^ 

Prom above, we can extract the following two-point functions: 

MQ)P) = Iv'v' - ^{v^r + v\logv' - 1), 
{a,iQ)Q) = ^ivy + vHogv', 
{a,(Q)R) ^\(vY + lv'vHogv', 

{a2{Q)P) = ^{vr - liv^v' + liv^v' + lv\vr + 2^V(log^3 - 1), 
MQ)Q) = -^{v'r + lv\v')' + (vY ^ogv' + 2v'v'(\ogv' - 1), 
{a2{Q)R) = + V + vW logv"" + (^;3)2(log^;3 - 2). 



oo 



3. Primary r^'"-flows 



1 dv^ 



2 ST^'O 
1 dv^ 

2df^ ~ 
1 dv^ 

1 dv^ 
2df^ ~ 
1 dv"^ 
2df^ ~ 

1 dv^ 

2df^ ~ 
1 dv^ _ 
2df^ ~ 
1 dv^ 
2df^ ~ 

1 dv^ 
2df^ = 

Prom above, 



{a,{R)PQ) 
{a,(R)QR) 
{ai{R)PR) 
{a2{R)PQ) 
{a2{R)QR) 



l{v\')x + \{v'vW + v\W + {vrv'x): 



1 

4 

O ^ 



{a2iR)PR) 

we can extract the following two-point functions: 



{a,{R)P) = 






{a,{R)Q) = 






{a,{R)R) = 


4 4 




MR)P) = 


2^ ^ 2 ^ 


)^ 


{a2{R)Q) = 


1(^2)3 ^^2^1^3^ 




{a2{R)R) = 




y)2^3^ 1^2^^ 



APPENDIX B: GENUS-ONE CORRECTIONS FOR THE 

HAMILTONIANS 



1\2 



4 



it') 



6^2 



12^2 



+ 0(e^), 



p: ^3^2 ^2 ('+3N2^3 ^3 

24*^*^+ 4^2 + 12 



((^3)2 + 2tl)t^t2^ , thy' 



1+3 



12^2 



+ 



X 



(t3)3^ 



3 ^ 12^2 + 24*2 I "x'-x 



f2 +3 



«2 

+ 0{e% 



2 
1 

4 

+ 



f2C+3N2 

^1^2 + i^LL 



mi! 

6 



^3^2 ^1 J.2 J.3 (f3\2 



3*2 



6*2 



(11! 

2*2 



+ 



*3 fl 



^3(^2)2 ^ ^2(^1)2 ^ ^^=^^1(^3)2 + ^t^t' f 



* 



*^ (*3)3 ^ 
4 ^ 6 ^ 8 



.3 .3 
''X'-X 



/4*3 *1(*3)2 (t3)4- 

I 3 6*2 24*2 



*2 +3 



*^ (*!)!^ 

3*2 12*2^ 
+ 0(e^), 



*1 *2 + 



+ 



^2*2 

5(*3)2^ 

12 



/ 
/ 



+ 0(£*), 



— e 



12*2 



,1 ,1 ^ (*^)'(*^)' 



48*2 



/2 /3 



C^2 \2^3 /3^3 ^1 



12*2 24(*' 



12*2 



— e 



(*3)5 *1(*3)3 (^1)2^3 1 / 3\ 

(*3)3 



*-^ 



(*3)3 



+ log*" + 



+ 



12 
1 



+ 



*1*3 



-Tl^^X + TT^Ilog*^ 



*3 



16*2 4*2 4 



f3\3 



1+3 



log*2+ ' 1 >^1^3 



*^* 



8*2 ^ 2*2 



- 1 1 ^X^X + 



6*2 

1 



24*2 
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^ \ 2 2 

2 J ^^^^ 



- 1 *^ *^ 
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3\2 
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3\2^ 
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